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Abstract
Using a recently proposed measure for divisibility of a dynamical map, we study the non-
Markovian character of a quantum evolution of a driven spin-S system weakly coupled to a bosonic
bath. The complete tomographic knowledge about the dynamics of the open system is obtained by
the time-convolutionless master equation in the secular approximation. The derived equation can
be applied to a wide range of spin-boson models with the Hermitian or non-Hermitian coupling
operator in the system-environment interaction Hamiltonian. Besides the influence of the environ-
mental spectral densities, the tunneling energy of the system Hamiltonian can affect the measure
of quantum non-Markovianity. It is found that the non-Markovian feature of a dynamical map of
a high-dimension spin system is noticeable in contrast to that of a low-dimension spin system.
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I. INTRODUCTION
The realistic dynamics of an open quantum system is expected to deviate partly from the
Markovian evolution which is idealized under the influence of memoryless environments [1–7].
The coupling of a system to an environment inevitably leads to the loss of information and
dissipation of energy [8–10]. In the Born-Markov approximation, the decoherence process
shows a monotonic decrease with time. However, many kinds of condensed matter systems
will undergo non-Markovian evolutions because of complicate interactions with their sur-
roundings [11–13]. The non-Marokovian dynamics of an open quantum system can play an
important role in a variety of modern applications such as quantum optics [8, 14], solid-
state controllable technology [15], quantum chemistry [16], and quantum information [17].
Under the influence of environments with memory effects, the non-Markovian dynamics may
preserve the existence of quantum entanglement for longer time [18, 19]. Therefore, it is
necessary to efficiently quantify the measure of non-Markovianity.
Recently, several approaches have been put forward [20–23]. The measure based on the
distinction of quantum states is used to describe a temporary flow of information from the
environment back to the system. The non-Markovian behavior will be remarkable if the trace
distances of evolving states increase [20]. This measure emphasizes the physical features of
the system-environment model. According to the composition law, another measure was
proposed to quantify the deviation from the divisible map. An indivisible map shows the
emergence of the non-Markovian dynamics. The mathematical description of this measure
is simple due to no optimization procedure [21, 22]. Meanwhile, some operational measures
were offered, including the measure by assessing the increase of entanglement between an
open system and an isolated ancilla [21] and the measure by the quantum Fisher information
flow [23].
Many theoretical models of efficient two-level systems coupled to their environments
were investigated to quantify the measure of non-Markovianity of the evolutions [24–30].
As is known, high-dimension spin systems or effective d-level systems extensively consist
in the nature [31–33]. It is interesting to understand the complicate evolutions of these
open systems. On one hand, we perform a reasonable unitary transformation to establish
the second-order time-convolutionless master equation for a driven spin-S system. With
the consideration of the interaction Hamiltonian between the system and environment, the
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master equation is valid for both Hermitian and non-Hermitian system coupling operator
cases. This is one point of the motivations of our present work. On the other hand, we utilize
the measure for the divisibility to quantify the the non-Markovianity of the dynamical map.
Through the strict theoretical analysis, we study in detail how the dimension of open system
affects the degree of quantum non-Markovianity. This is the other point of the motivations
of our investigations.
The article is organized as follows: In Sec. II, we briefly describe a model of a driven spin-
S system coupled to a bosonic bath. In the eigenrepresentation of the spin-S Hamiltonian,
the evolution of the open system is obtained perturbatively up to the second order in the
weak interaction between the system and bath. The divisibility of the dynamical map is
introduced and calculated to quantify the degree of the deviation from a Markovian process
in Sec. III. Finally, in Sec. IV, we summarize our results and draw some conclusions.
II. EVOLUTION EQUATIONS OF A DRIVEN SPIN-S SYSTEM COUPLED TO
THERMAL BATH
A. Hamiltonian of system-environment model
Our system-environment model consists of an arbitrary driven spin-S system which is
weakly interacting with a thermal bosonic environment. The general total Hamiltonian is
composed of three parts,
H = HS +HE +HI , (1)
where HS = ωs~n ·
~ˆ
S describes the Hamiltonian of a driven spin-S system. The parameter
ωs denotes the transition frequency between any two neighboring energy states. The unit
vector ~n = (sinα cosϕ, sinα sinϕ, cosα) is used to characterize the tunneling element of
the Hamiltonian. These angles satisfy that α ∈ [0, π) and ϕ ∈ [0, 2π). The operator of
spin-S is expressed by three components of
~ˆ
S = (Sˆx, Sˆy, Sˆz). Using the raising and lowering
operators Sˆ± = Sˆx ± iSˆy, the Hamiltonian of a driven system is also written as,
HS =
1
2
ωs[ sinα(Sˆ+e
−iϕ + Sˆ−e
iϕ) + 2 cosαSˆz] . (2)
Sˆ±|m〉 =
√
(S ±m+ 1)(S ∓m)|m±1〉 where |m〉 is the eigenvector of Sˆz with the eigenvalue
m. Here, the tunneling energy is mainly determined by the angle parameter α.
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To conveniently investigate the dynamics of a driven spin system, we turn HS into the
form in the eigenrepresentation spanned by the basis {|m˜〉, m˜ = S˜, . . . ,−S˜},
H˜S = U
†HSU , (3)
where the unitary transformation is expressed as,
U =
S∑
m=−S
|ψm〉〈m˜| ,
=


a
(S)
S a
(S-1)
S · · · a
(-S)
S
a
(S)
S−1 a
(S-1)
S−1 · · · a
(-S)
S−1
...
...
. . .
...
a
(S)
−S a
(S-1)
−S · · · a
(-S)
−S


. (4)
Here the normalization state |ψm〉 =
∑
k a
(m)
k |k〉 is the eigenvector of the Hamiltonian HS.
In regard to weak couplings of an open system to an environment, we may reasonably
consider the environment as a collection of harmonic oscillators. The Hamiltonian of the
heat bath is written as,
HE =
∑
j
ωjb
†
jbj , (5)
where b†j and bj are, respectively, the creation and annihilation operator of the jth harmonic
oscillator with the frequency ωj.
The interaction Hamiltonian between the system and environment is expressed as,
HI =
∑
j
(gjΠˆb
†
j + g
∗
j Πˆ
†bj) . (6)
The two cases of the system coupling operator Πˆ are considered here. In one case, the
operator is Hermitian, i.e., Πˆ† = Πˆ. The other case of a non-Hermitian operator Πˆ† 6= Πˆ
is also involved. The weak coupling strength gj can be characterized by the environmental
spectral density J(ω) =
∑
j |gj|
2δ(ω − ωj) [8].
B. Quantum evolution equation
On the assumption of the weak system-environment couplings, the time-convolutionless
master equation for the second-order perturbation after the unitary transformation U is
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written in the interaction picture to describe the dynamics of the open system,
d
dt
ρ˜(t) = −
1
~2
∫ t
0
dt1TrE[H˜I(t), [H˜I(t1), ρ˜(t)⊗ ρE ]] , (7)
where the density matrix of the open system ρ˜(t) = TrE [ρ˜tot(t)] is obtained by partially
tracing over the freedom degrees of the environment. The initial total state is assumed
to be factorized as ρ˜tot(0) = ρ˜(0) ⊗ ρE where ρE = exp(−HE/kBT )/Tr[exp(−HE/kBT )]
denotes the thermal equilibrium state of the environment. Here the Planck constant ~ and
Boltzmann constant kB are taken to be one.
The general interaction Hamiltonian in the interaction picture is expressed as,
H˜I(t) = U
†eiH0tHIe
−iH0tU
=
∑
j
∑
l,m
cl,mg
∗
j e
i[ωj−(l−m)ωs]tσl,mb
†
j + h.c. , (8)
where the Hamiltonian H0 represents H0 = HS +HE. The transition operator is defined as
σl,m = |l˜〉〈m˜| and the notation h.c. denotes the Hermitian conjugate of the former term in
Eq. (8). The coefficients cl,m are calculated by U
†ΠˆU =
∑
l,m cl,mσl,m.
In the field of condensed matter physics, many kinds of effective d-level quantum sys-
tems or some high-dimension spin systems have their coherence time τS which may be much
smaller than the correlation time of the thermal environment τE [31]. In the condition
of τS ≪ τE , we may reasonably adopt the secular approximation by neglecting the high-
frequency oscillating terms. This secular approximation is almost equivalent to the rotating
wave approximation in quantum optics [8]. The necessary derivation of the quantum evo-
lution equation is shown in the appendix. The general expression of the quantum master
equation for the dynamics of the driven spin-S system is presented as,
d
dt
ρ˜(t) =
∑
l
(Γl,l + Γ˜l,l)|cl,m|
2 · (σl,lρ˜σl,l −
1
2
σl,lρ˜−
1
2
ρ˜σl,l)
+
∑
l 6=k
(Λl,l + Λ˜
∗
l,l)ck,kc
∗
l,l · σl,lρ˜σk,k + h.c.
+
∑
l 6=m
(Γl,m|cl,m|
2 + Γ˜m,l|cm,l|
2) · (σml,ρ˜σl,m −
1
2
σl,lρ˜−
1
2
ρ˜σl,l) . (9)
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The decay rates in Eq. (9) are obtained as,
Λl,m(t) =
∫ t
0
dt1
∫
dωJ(ω)rei[ω−(l−m)ωs](t−t1)
Λ˜l,m(t) =
∫ t
0
dt1
∫
dωJ(ω)(r + 1)ei[ω−(l−m)ωs](t−t1) ,
where the other decay rates Γl,m = 2Re(Λl,m) and Γ˜l,m = 2Re(Λ˜l,m). The symbol function
Re(·) represents the real part of a complex number. r = 1/(eω/T − 1) signifies the mean
number of the thermal environment at a finite temperature.
For the simplest example of S = 1
2
, the coefficients for the Hermitian coupling operator
Πˆ = Sˆz are calculated by c 1
2
, 1
2
= −c−1
2
,−1
2
= 1
2
cosα and c 1
2
,−1
2
= c∗
−1
2
, 1
2
= 1
2
eiϕ sinα. Then,
the evolution equation just describes the dynamics of famous spin-boson models. In the
other case of non-Hermitian operator Πˆ = Sˆ−, the coefficients are also obtained as c 1
2
, 1
2
=
−c−1
2
,−1
2
= 1
2
eiϕ sinα, c 1
2
,−1
2
= −e2iϕ cos2 α
2
, and c−1
2
, 1
2
= − sin2 α
2
. This quantum master
equation can characterize the dynamics of the spin system coupled to the environment in
the form of the dipole-dipole interaction. This result coincides with the quantum master
equation in Ref. [28].
It is also interesting to present the quantum master equation for the dynamics of a driven
spin-1 system. The unitary transformation for the case of S = 1 is given as,
U =


cos2 α
2
e−iϕ −
√
2
2
sinαe−iϕ − sin2 α
2
e−iϕ
√
2
2
sinα cosα
√
2
2
sinα
sin2 α
2
eiϕ
√
2
2
sinαeiϕ − cos2 α
2
eiϕ

 . (10)
For the example of Πˆ = Sˆz, the coefficients in Eq. (9) are written as cl,l = l · cosα, cl,0 =
c0,l = −l ·
√
2
2
sinα, (l = 1,−1), and c1,−1 = c−1,1 = c0,0 = 0. In this case, the expression of
the quantum master equation is simplified as,
d
dt
ρ˜(t) = γ0 · [(σ1,1 − σ−1,−1)ρ˜(σ1,1 − σ−1,−1)−
1
2
(σ1,1 − σ−1,−1)ρ˜−
1
2
ρ˜(σ1,1 − σ−1,−1)]
+ γ+ · [σ1,0ρ˜σ0,1 + σ0,−1ρ˜σ−1,0 −
1
2
σ0,0ρ˜−
1
2
ρ˜σ0,0 −
1
2
σ−1,−1ρ˜−
1
2
ρ˜σ−1,−1]
+ γ− · [σ0,1ρ˜σ1,0 + σ−1,0ρ˜σ0,−1 −
1
2
σ0,0ρ˜−
1
2
ρ˜σ0,0 −
1
2
σ1,1ρ˜−
1
2
ρ˜σ1,1] . (11)
The decay rates in Eq. (11) are written as γ0 = |c1,1|
2(Γ1,1 + Γ˜1,1), γ+ = |c0,1|
2(Γ0,1 + Γ˜1,0),
and γ− = |c1,0|2(Γ1,0 + Γ˜0,1).
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III. NON-MARKOVIANITY MEASURED BY DIVISIBILITY
We will quantify the quantum non-Markovianity based on the divisibility of a dynamical
map introduced by Rivas, Huelga, and Plenio (RHP) [21]. According to the composition
law, a trace-preserving completely positive map Θ(t, 0) is divisible if it can be expressed as,
Θ(t+ t1, 0) = Θ(t+ t1, t)Θ(t, 0) , (12)
and Θ(t + t1, t) is completely positive for any t , t1 > 0. The divisible map Θ(t + t1, 0) is
Markovian exactly. It is shown that the quantity satisfies,
g(t) = lim
t1→0+
||Id ⊗Θ(t + t1, t)P
+
d ||1 − 1
t1
≥ 0 , (13)
where Id is the identity matrix in the d-dimension Hilbert space H
d and the density matrix
P+d signifies the maximally entangled state in the product Hilbert space H
d⊗d. The function
||A||1 represents the norm of the matrix A. The value of g(t) is strictly positive if and only
if the dynamical map Θ is indivisible. Therefore, the condition of g(t) > 0 determines the
emergence of the non-Markovian dynamics. The quantity g(t) gives rise to a measure for
quantum non-Markovianity defined as,
NRHP (Θ) =
I
I + 1
, I =
∫ ∞
0
dtg(t) . (14)
For the dynamical map of an open spin-S system, the maximally entangled state is written
as P+d =
1
d
∑S
j,n=−S |j˜〉〈n˜| ⊗ |j˜〉〈n˜| where d = 2S + 1. When the dynamics of the open
system is characterized by the quantum master equation ∂tρ˜ = Ltρ˜, the key quantity g(t) is
expressed as,
g(t) = lim
t1→0+
||ε(t, t1)||1 − 1
t1
, (15)
where the matrix ε(t, t1) = [(Id + t1Lt)⊗ Id]P
+
d [21].
For the case of S = 1, applying the dynamical map like Eq. (11), we can obtain the
matrix ε(t, t1) as,
7
ε =
1
3


1− t1γ− 0 0 0 1− t1y 0 0 0 1− t1v
0 t1γ+ 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 t1γ− 0 0 0 0 0
1− t1y 0 0 0 1− t1(γ+ + γ−) 0 0 0 1− t1w
0 0 0 0 0 t1γ+ 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 t1γ− 0
1− t1v 0 0 0 1− t1w 0 0 0 1− t1γ+


, (16)
where the elements are defined as y = γ0
2
+ γ+
2
+γ−, v =
γ+
2
+ γ−
2
+2γ0, and w =
γ0
2
+ γ−
2
+γ+.
The key quantity g(t) is calculated as,
g(t) = −
4
3
∑
j=0,±
Φ(γj) , (17)
where the value of the function is given by Φ(x) = x, (x < 0) and Φ(x) = 0, (x ≥ 0).
To analytically study the effects of the dimension of the open system on the non-
Markovianity, we can offer the general expression of the matrix ε(t, t1) as,
ε(t, t1) = P
+
d +
t1
d
{
∑
j,n,l
(Γl,l + Γ˜l,l)|cl,l|
2(δljδnlσl,l −
1
2
δljσln −
1
2
δnlσj,l)
+
∑
j,n,l 6=k
(Λl,l + Λ˜
∗
l,l)c
∗
l,lck,kδljδnkσl,k + h.c.
+
∑
j,n,l 6=m
|cl,m|
2Γl,m(δljδnlσm,m −
1
2
δljσln −
1
2
δnlσj,l)
+
∑
j,n,l 6=m
|cl,m|
2Γ˜l,m(δmjδnmσl,l −
1
2
δnjσmn −
1
2
δnmσj,m)} ⊗ |j˜〉〈n˜| , (18)
where δlj = δjl is a delta function. For the case of Hermitian coupling operator Πˆ = Sˆz, the
coefficients in Eq. (18) are calculated as cl,l = l · cosα, l = −S, · · · , S. With respect to the
special case of α ≈ 0, the decay rates Γl,l = Γ0 and Γ˜l,l = Γ˜0 dominate in the dynamics of
the open system because the off-diagonal elements |cl,m|
2 ≈ 0, (l 6= m) . In this condition,
we can analytically obtain the quantity g(t) as,
g(t) = −
f(d)
d
cos2 α[Φ(Γ0) + Φ(Γ˜0)] , (19)
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where the quantity g(t) is closely related to the dimension of the system and the function
f(d) satisfies f(d+3) = 3[f(d+2)−f(d+1)]+f(d)+1 where f(2) = 1, f(3) = 4, f(4) = 10.
It is straightly seen that the degree of non-Markovianity can be increased with the dimension
of spin system.
IV. CONCLUSIONS
We derive in detail the second-order time-convolutionless master equation for the dy-
namics of a driven spin-S system weakly coupled to the thermal bosonic environment. The
quantum evolution equation expressed in the eigenrepresentation of the Hamiltonian HS is
valid for both Hermitian and non-Hermitian coupling operator in the interaction Hamilto-
nian HI . We also present the quantum master equation for the case of S = 1 in the secular
approximation. The quantum evolution equation can be generally applied to the dynamics
of any effective d-level quantum system. To conveniently characterize the degree of the de-
viation from Markovian dynamics, we analytically study the indivisibility of the dynamical
map of a driven spin-S system. The case of S = 1 is also considered. The indivisibility of
the map is mainly determined by the negative values of the decay rates and also related to
the tunneling energy. Trough the theoretic analysis, we obtain the interesting result that the
non-Markovian behavior of high-dimension systems may be remarkable compared to that of
low-dimension systems.
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Appendix A: Derivation of quantum master equation (9)
In this appendix, we derive in detail the second-order two-convolutionless master equa-
tions (7) and (9). Firstly, the interaction Hamiltonian H˜I(t) can be rewritten as,
H˜I(t) = Bˆ
†(t)⊗ Cˆ(t) + Bˆ(t)⊗ Cˆ†(t) , (A1)
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where the operators are defined as Bˆ =
∑
j gje
−iωjtbj and Cˆ =
∑
l,m cl,me
−i(l−m)ωstσl,m. The
dynamics of the total state of the system-environment model is calculated as,
d
dt
ρ˜tot = −
i
~
[H˜I(t), ρ˜tot]−
1
~2
∫ t
0
dt1[H˜I(t), [H˜I(t1), ρ˜tot(t1)]] . (A2)
On the assumption of the factorized initial total state ρ˜(0) ⊗ ρE , we may safely make the
approximation of TrE [H˜I(t)ρE ] = 0 in order to eliminate the first term in Eq. (A2) [13].
When the Born approximation is adopted, we can replace ρ˜tot(t1) with ρ˜(t)⊗ ρE to obtain
Eq. (7) after performing the partial trace over the freedom degrees of the environment.
Then, the second-order time-convolutionless master equation can be expanded as,
d
dt
ρ˜(t) =
∫ t
0
dt1
∫
dωJ(ω)r · eiω(t−t1)[Cˆ†(t1)ρ˜Cˆ(t)− Cˆ(t)Cˆ
†(t1)ρ˜]
+
∫ t
0
dt1
∫
dωJ(ω)(r + 1) · eiω(t−t1)[Cˆ(t)ρ˜Cˆ†(t1)− ρ˜Cˆ
†(t1)Cˆ(t)] + h.c. (A3)
The term of Cˆ†(t1)ρ˜Cˆ(t) in Eq. (A3) is obtained as,
Cˆ†(t1)ρ˜Cˆ(t) =
∑
l,m
∑
k,j
c∗l,mck,je
i[(l−m)t1+(j−k)t]ωsσm,lρ˜σk,j .
When the secular approximation of k = l 6= j = m and k = j 6= l = m is made, we can
simplify the above equation as,
Cˆ†(t1)ρ˜Cˆ(t) =
∑
l,k
c∗l,lck,kσl,lρ˜σk,k +
∑
l 6=m
|cl,m|
2e−i(l−m)ωs(t−t1)σm,lρ˜σl,m . (A4)
Similarly, other terms in Eq. (A3) are written as,
Cˆ(t)ρ˜Cˆ†(t1) =
∑
l,k
c∗l,lck,kσk,kρ˜σl,l +
∑
l 6=m
|cl,m|
2e−i(l−m)ωs(t−t1)σl,mρ˜σm,l
Cˆ(t)Cˆ†(t1)ρ˜ =
∑
l,k
δklc
∗
l,lck,kσk,kρ˜+
∑
l 6=m
|cl,m|
2e−i(l−m)ωs(t−t1)σl,lρ˜
ρ˜Cˆ†(t1)Cˆ(t) =
∑
l,k
δlkc
∗
l,lck,kρ˜σl,l +
∑
l 6=m
|cl,m|
2e−i(l−m)ωs(t−t1)ρ˜σm,m , (A5)
where δkl = δlk is a delta function. By substituting Eqs. (A4) and (A5) into Eq. (A3), we
can obtain the quantum master equation of an open spin-S system like Eq.(9).
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